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The Discrete Logarithmic Minkowski Problem

Consider a polytope P = {x ∈ Rn : ⟨ui , x⟩ ≤ bi , 1 ≤ i ≤ m} with 0 ∈ P,
ui ∈ Sn−1, and ’facets’ Fi = P ∩ {⟨ui , x⟩ = bi}.

Ci := conv(0 ∪ Fi ) is the cone with facet Fi .
vol(Ci ) =

bi
n voln−1(Fi ).

VP(ω) =
1
n

∑m
i=1 δui (ω)voln(Ci ) =

∑
ui∈ω

bi
n voln−1(Fi ).
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The logarithmic Minkowski-Problem:

Characterize the cone-volume measure VP(·) of a polytope P.

The symmetric case is fully understood:
K is called symmetric if K = −K .
A measure µ is called even if µ(ω) = µ(−ω) for all ω ⊂ Sn−1.
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Symmetric Case

Theorem Börözky, LYZ, 2013:

An even finite Boreal measure µ is the cone-volume measure VP(·) of an
n−dimensional symmetric polytope P if and only if µ satisfies the
subspace concentration condition (scc):

i) for every proper linear subspace L ⊂ Rn it holds

µ(L ∩ Sn−1)

µ(Sn−1)
≤ dim(L)

n
,

ii) equality holds for a subspace L if and only if there exists a
complementary subspace L′ such that supp(µ) ⊂ L ∪ L′.

Necessity was independently shown by B. He, G. Leng, K. Li, 2006 and H.,
Schürmann, Wills, 2005.
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Theorem Börözky, LYZ, 2013:

An even finite Boreal measure µ is the cone-volume measure VP(·) of an
n−dimensional symmetric polytope P if and only if µ satisfies the
subspace concentration condition (scc):

i) for every proper linear subspace L ⊂ Rn it holds

µ(L ∩ Sn−1)

µ(Sn−1)
≤ dim(L)

n
,

ii) equality holds for a subspace L if and only if there exists a
complementary subspace L′ such that supp(µ) ⊂ L ∪ L′.

Necessity was independently shown by B. He, G. Leng, K. Li, 2006 and H.,
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SCC for Polytopes

The scc for P reads:

i) for every proper linear subspace L ⊂ Rn it holds

VP(L ∩ Sn−1)

VP(Sn−1)
=

1

vol(P)

∑
ui∈L

vol(Ci ) ≤
dim(L)

n
,

ii) equality holds in i) for a subspace L if and only if there exists a
complementary subspace L′ and polytopes Q1 ⊂ L and Q2 ⊂ L′ such
that P = Q1 ⊕ Q2.
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The Subspace Concentration Polytope

Let U = (u1, . . . , um) ∈ Rn×m, pos(U) = Rn,

and consider

L(U) := {S ⊂ U : 1 ≤ rk(S) ≤ n − 1 and U ∩ lin(S) = S},
F (U) := {S ∈ L(U) : lin(S) ∩ lin(U \ S) = {0}}

We define the subspace concentration polytope:

Pscc(U) :=
{
x ∈ Rm : xi ≥ 0,

m∑
i=1

xi = 1,

∑
i :ui∈S

xi =
1

n
rk(S), for all S ∈ F (U)

∑
i :ui∈S

xi <
1

n
rk(S), for all S ∈ L(U) \ F (U)

}
.

Y.-D. Liu, Q. Sun, G. Xiong, 2024: called concentration polytope for U
without antipodal points.
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Basis Matroid Polytope

Observation:

γ = (γ1, . . . , γm) ∈ Pscc(U) if and only if µ :=
∑m

i=1 γiδui satisfies the scc
and µ(Sn−1) = 1.

Basis Matroid Polytope Feichtner, Sturmfels, 2005:

P(U) :=
{
x ∈ Rm : xi ≥ 0,

m∑
i=1

xi = n,

∑
i :ui∈S

xi ≤ rk(S), for all S ∈ L(U)
}

= conv{1(S) ∈ Rm : S ⊂ U,S is basis of Rn}

From the definition it follows n · Pscc(U) = P(U).
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Matroid Structure

Elements S ∈ F (U) are called separators.

U is called irreducible, if F (U) = ∅.

Using Matroid Structure

Let U as before, and let V ∈ F (U), i.e., lin(V )⊕ lin(U \ V ) = Rn. Then

Pscc(U) =
rk(V )

n
Pscc(V )× rk(U \ V )

n
Pscc(U \ V ).

It is enough to only consider irreducible U.
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Cone-Volume Set

For b ∈ Rm
≥0 let

PU(b) = {x ∈ Rn : ⟨ui , x⟩ ≤ bi , 1 ≤ i ≤ m},

and let

γ(b) :=

(
voln−1(F1)

b1
n
, . . . , voln−1(Fm)

bm
n

)
be its cone-volume vector. Here Fi = PU(b) ∩ {⟨ui , x⟩ = bi} and
might be empty or of dimension less than n − 1.

Let
Cγ(U) := {γ(b) : b ∈ Rm

≥0, |γ(b)|1 = 1}

be the cone-volume set of U.

Sh. Chen, Q.-R. Li, G. Zhu, 2019: Pscc(U) ⊂ Cγ(U).
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Cone-Volume Set and Separators

The cone-volume set can be decomposed as well:

Decomposition of Cγ(U)

Let U as before, and let V ∈ F (U), i.e., lin(V )⊕ lin(U \ V ) = Rn. Then

Cγ(U) =
rk(V )

n
Cγ(V )× rk(U \ V )

n
Cγ(U \ V ).

This decomposition implies

aff(Pscc(U)) = aff(Cγ(U)).

Further,

dim(Pscc) = dim(Cγ(U)) = |U| − |{S ∈ F (U) : S is irreducible}|.
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Examples

Let U = (u1, . . . , un+1) ⊂ Rn×n+1 be in general prosition. Then

Pscc(U) = conv

{1
n

n+1∑
i=1,i ̸=j

ei : j = 1, . . . , n + 1
}

Cγ(U) = conv(e1, . . . , en+1).

Pollehn, 2018. Given pairwise distinct u1, u2, u3 = −u1, u4 ∈ S1,
u2 ̸= −u4, positively spanning R2. Then

Cγ(U) = {γ ∈ R4
≥0 : |γ|1 = 1, γ1 + γ3 < γ2 + γ4}

∪ {γ ∈ R4
≥0 : |γ|1 = 1, γ1 + γ3 ≥ γ2 + γ4 ≥ 2

√
γ1γ3, γ1 < γ3},

and

Pscc(U) = conv{1
2
(e1+e2),

1

2
(e1+e4),

1

2
(e2+e3),

1

2
(e2+e4),

1

2
(e3+e4)}.

In general, Cγ(U) is not convex (cf. Böröczky, Hegedűs, 2015)
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Structure of Cγ(U)

Y. Liu, X. Lu , Q. Sun, G. Xiong, 2024. Sufficient and necessary
conditions for quadrilaterals.

Baumbach, Henk, 2024+. Cγ(U) = Pscc(U) if and only if U defines a
parallelepiped.

If U = (±e1, . . . ,±en). Then

Pscc(U) =
1

n
{x ∈ R2 : x ≥ 0, x1 + x2 = 1}n

=
1

n
conv

(
n∑

i=1

ϵie2i−1 + (1− ϵi )e2i : ϵi ∈ {0, 1}

)
.
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Cγ(U) is semialgebraic

A set M ⊂ Rn is called semialgebraic if we can write

M =
k⋃

i=1

{x ∈ Rn : fi1(x), . . . , fili (x) > 0, gi (x) = 0},

for some polynomials fij , gi ∈ R[x1, . . . , xn].

if PU(b) is simple of a−type A (strongly isomorphic), then

vol(PU(b)) =
∑

aj1...jnbj1 · · · bjn ∈ R[b1, . . . , bm].

Every polytope PU(b̃) can be approximated by a simple polytope
PU(b).

Baumbach, Henk, 2024+: Cγ(U) is semialgebraic.
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Planar Case, n = 2

Define the following sets:

U△ := {u ∈ U : ∃v ,w ∈ U s.t. pos{u, v ,w} = R2},
U□ := U \ U△

U□,u := {x , y : pos{u,−u, x , y} = R2} for u ∈ U□.

u1
u2

u3

u4 u4

u1

u2

u3
v2u3

v4

u2

v3

u4

Baumbach,Henk 2024+: We get the V−representation

conv(Cγ(U)) = conv

 ⋃
i :ui∈U△

{ei} ∪
⋃

i :ui∈,uj∈U□,ui

{1
2
(ei + ej)}

 .
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Outlook

conv(Cγ(U)) is a polytope.

V−representation of conv(Cγ(U)), for U ⊂ Rn positive basis

conv(Cγ(U))

=

conv

({ r∑
k=1

rk(∆k)

n
ejk : ujk ∈(∆k + ck−1),∆1, . . . ,∆r

is a simplicial partition of U
}
∪
{ |U|⋃
i=1:ui∈U△

ei

} .

Cγ,sym(U) is convex using the volume formulas for simple polytopes.
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Thank you for your attention!
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