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The Discrete Logarithmic Minkowski Problem

Consider a polytope P = {x € R" : (uj,x) < b;,1 <i < m} with 0 € P,
ui € S"71, and 'facets’ F; = PN {(u;,x) = b;}.
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The Discrete Logarithmic Minkowski Problem

Consider a polytope P = {x € R": (uj,x) < bj,1 <i < m} with 0 € P,
€ S"1 and 'facets' F; = PN {(u;,x) = b;}.
e C;:= conv(0U F;) is the cone with facet F;.
e vol(C;) = Evol,, 1(Fi).
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The logarithmic Minkowski-Problem:

Characterize the cone-volume measure Vp(-) of a polytope P.
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The Discrete Logarithmic Minkowski Problem

Consider a polytope P = {x € R": (uj,x) < bj,1 <i < m} with 0 € P,

€ S"1 and 'facets' F; = PN {(u;,x) = b;}.
o G := conv(0U F;) is the cone with facet F;.
e vol(G) = Evol,, 1(Fi).

o Vp(w) =15 6, (w)volo(C;) = > uew n’vol 1(Fi).

uy P G
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The logarithmic Minkowski-Problem:

Characterize the cone-volume measure Vp(-) of a polytope P.

@ The symmetric case is fully understood:
@ K is called symmetric if K = —K.
o A measure i is called even if pu(w) = pu(—w) for alb w ¢ S"=L,

Tom Baumbach (TU Berlin) The logarithmic Minkowski Problem 07/24

4/18



Symmetric Case

Theorem Borozky, LYZ, 2013:

An even finite Boreal measure p is the cone-volume measure Vp(-) of an
n—dimensional symmetric polytope P if and only if u satisfies the
subspace concentration condition (scc):
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Symmetric Case

Theorem Borozky, LYZ, 2013:

An even finite Boreal measure p is the cone-volume measure Vp(-) of an
n—dimensional symmetric polytope P if and only if u satisfies the
subspace concentration condition (scc):

i) for every proper linear subspace L C R” it holds

p(LNsSh1) - dim(L)
Sty = on

i) equality holds for a subspace L if and only if there exists a
complementary subspace L’ such that supp(u) C LU L.

v

Necessity was independently shown by B. He, G. Leng, K. Li, 2006 and H.,
Schiirmann, Wills, 2005.
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SCC for Polytopes

The scc for P reads:
i) for every proper linear subspace L C R" it holds
Ve(LNS"—1) 1 dim(L)

= ) <
Vp(S"1) voI(P)uZE:LVOI(C')_ n

ii) equality holds in i) for a subspace L if and only if there exists a
complementary subspace L’ and polytopes Q1 C L and @, C L’ such
that P = Q1 © Qo.
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The Subspace Concentration Polytope

o Let U= (u1,...,um) € R™™ pos(U) =R",
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o Let U= (u1,...,um) € R™™ pos(U) =R", and consider

LU)={SCcU:1<rk(S)<n—1and UNlin(S) =S},
F(U) :={S € L(U) : lin(S) N lin(U\ S) = {0}}
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The Subspace Concentration Polytope

o Let U= (u1,...,um) € R™™ pos(U) =R", and consider

LU)={SCcU:1<rk(S)<n—1and UNlin(S) =S},
F(U) :={S € L(U) : lin(S) N lin(U\ S) = {0}}

We define the subspace concentration polytope:

Y.-D. Liu, Q. Sun, G. Xiong, 2024: called concentration polytope for U
without antipodal points.

Tom Baumbach (TU Berlin) The logarithmic Minkowski Problem 07/24
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Basis Matroid Polytope

Observation:

¥ =(V1,---+Ym) € Psec(U) if and only if p:= Y7, ~;d,, satisfies the scc
1
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Basis Matroid Polytope

Observation:

and u(S"™1) =

Basis Matroid Polytope Feichtner, Sturmfels, 2005:

P(U) := {x eER™:x; > O,Zx,- =n,
i=1
3" xi < rk(S), forall S € L(U)}
iiu;€S
= conv{1(S) e R™:S C U,S is basis of R"}

Tom Baumbach (TU Berlin) The logarithmic Minkowski Problem 07/24 8/18



Basis Matroid Polytope

Observation:

and u(S"™1) =

Basis Matroid Polytope Feichtner, Sturmfels, 2005:

P(U) := {x eER™:x; > O,ix,- =n,
i=1

3" xi < rk(S), forall S € L(U)}
iiu;€S
= conv{1(S) e R™:S C U,S is basis of R"}

From the definition it follows n - m = P(V).
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Matroid Structure

e Elements S € F(U) are called separators.
o U is called irreducible, if F(U) = 0.
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e Elements S € F(U) are called separators.
o U is called irreducible, if F(U) = 0.

Using Matroid Structure
Let U as before, and let V € F(U), i.e., lin(V) @ lin(U \ V) =R". Then

Pscc(U) - rk(nV) Pscc(V)

« MUAV) b 0\ v),
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Matroid Structure

e Elements S € F(U) are called separators.
o U is called irreducible, if F(U) = 0.

Using Matroid Structure
Let U as before, and let V € F(U), i.e., lin(V) @ lin(U \ V) =R". Then

Pscc(U) - rk(nV) Pscc(V)

« MUAV) b 0\ v),

@ It is enough to only consider irreducible U.
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Cone-Volume Set

o For b€ RY, let
Py(b) = {x € R": (uj,x) < bj,1 <i < m},

and let b b
~v(b) := <vol,,1(F1)nl, o vol,,l(Fm)';">

be its cone-volume vector. Here F; = Py(b) N {{(u;j,x) = b;} and
might be empty or of dimension less than n — 1.
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@ For b e ]Rgo let
Puy(b) = {x € R" : (uj,x) < b;,1 < i < m},
and let

b b,
~v(b) := <vol,,1(F1)nl, o vol,,l(Fm)n>

be its cone-volume vector. Here F; = Py(b) N {(uj,x) = bj} and
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o Let
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be the cone-volume set of U.
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Cone-Volume Set

o For b€ RY, let
Py(b) = {x € R": (uj,x) < bj,1 <i < m},

and let b b
~v(b) := <vol,,1(F1)nl, o vol,,l(Fm)';">

be its cone-volume vector. Here F; = Py(b) N {{(u;j,x) = b;} and
might be empty or of dimension less than n — 1.

o Let
G(U) :=A{r(b) : b e Ry, [y(b)lr = 1}
be the cone-volume set of U.
e Sh. Chen, Q.-R. Li, G. Zhu, 2019: Ps(U) C C,(U).
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Cone-Volume Set and Separators

The cone-volume set can be decomposed as well:

Decomposition of C,(U)
Let U as before, and let V € F(U), i.e., lin(V) @ lin(U \ V) =R". Then

W) =" Me vy« MYV v),
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Cone-Volume Set and Separators

The cone-volume set can be decomposed as well:

Decomposition of C,(U)

Let U as before, and let V € F(U), i.e., lin(V) @ lin(U \ V) =R". Then

W) =" Me vy« MYV v),

This decomposition implies

aff(Pscc(U)) = aff(C, (U)).

Further,

dim(Pscc) = dim(C,(U)) = |U| — {S € F(U) : S is irreducible}|.

Tom Baumbach (TU Berlin) The logarithmic Minkowski Problem 07/24 11/18



o Let U= (u1,...,uns1) C R"*"+1 be in general prosition. Then
1 n+1
P, = — iy =1,...
scc(U) = conv {nz 'e, j=1, ,n—i—l}
i=1,i#j

C,(U) = conv(ey, ..., ent1).
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o Let U= (u1,...,uns1) C R"*"+1 be in general prosition. Then
1 n+1 .
Pscc(U) = conv {n i:;#e, j=1,....,n+ 1}
C,(U) = conv(ey, ..., ent1).
@ Pollehn, 2018. Given pairwise distinct uy, us, u3 = —uq, ug € St,

s # —ug, positively spanning R2. Then

GU)={veRy : [Yi=1Lm+73<72+7}
U{veRG: vh =L+ > %+ 7 > 2717871 < 13}

and

1

[ 1 1 1 1
Psec(U) = conv{i(el—i—eg), §(e1+e4), 5(62+e3)’ §(e2+e4), §(e3+e4)}.
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o Let U= (u1,...,uns1) C R"*"+1 be in general prosition. Then
1 n+1 .
Pscc(U) = conv {n i:;#e, j=1,....,n+ 1}
C,(U) = conv(ey, ..., ent1).
@ Pollehn, 2018. Given pairwise distinct uy, us, u3 = —uq, ug € St,

s # —ug, positively spanning R2. Then

CU)={veR: Iyl =171 +73 <72+ %}
U{veRG: vh =L+ > %+ 7 > 2717871 < 13}
and
—_ 1 1 1 1 1
Psec(U) = conv{i(el—i—eg), §(e1+e4), 5(62+e3)’ §(e2+e4), §(e3+e4)}.

@ In general, C,(U) is not convex (cf. Béroczky, Hegediis, 2015)
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Structure of C,(U)

@ Y. Liu, X. Lu, Q. Sun, G. Xiong, 2024. Sufficient and necessary
conditions for quadrilaterals.
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Structure of C,(U)

@ Y. Liu, X. Lu, Q. Sun, G. Xiong, 2024. Sufficient and necessary
conditions for quadrilaterals.

e Baumbach, Henk, 2024+. C,(U) = Pscc(U) if and only if U defines a
parallelepiped.

If U= (*eq,...,%xen). Then

1
Pscc(U):;{XERz:XZO,XI—}—Xz:]_}”

1 n
= = g i€2i— 1—¢)eni € 1]
nconv( €ieni—1 + ( ei)exi i€ € {0 })

i=1
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C,(U) is semialgebraic

o A set M C R" is called semialgebraic if we can write

k
M = U{x ER": £y (x),.... fi (x) > 0, gi(x) = 0},
i=1

for some polynomials f;,, gi € R[xi, ..., xa].
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o A set M C R" is called semialgebraic if we can write

k
M = U{x ER": £y (x),.... fi (x) > 0, gi(x) = 0},
i=1

for some polynomials f;,, gi € R[xi, ..., xa].
e if Py(b) is simple of a—type A (strongly isomorphic), then

vol(Py(b)) = aj,..j,bjy - bj, € Rlby, ..., bm].
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C,(U) is semialgebraic

o A set M C R" is called semialgebraic if we can write
k
M = U{x ER": £y (x),.... fi (x) > 0, gi(x) = 0},
i=1

for some polynomials f;,, gi € R[xi, ..., xa].

e if Py(b) is simple of a—type A (strongly isomorphic), then
vol(Py(b)) = aj,..j,bjy - bj, € Rlby, ..., bm].
@ Every polytope PU(B) can be approximated by a simple polytope

Pu(b).
e Baumbach, Henk, 2024+: C,(U) is semialgebraic.
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Planar Case, n =2

Define the following sets:
Upn ={ueU:3v,we Us.t.pos{u,v,w} = Rz},
Ug:=U\ Ux
Unu = {x,y : pos{u, —u,x,y} = R?} for u € Un.
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Planar Case, n =2

Define the following sets:
Upn ={ueU:3v,we Us.t.pos{u,v,w} = Rz},
Ug:=U\ Ux
Unu = {x,y : pos{u, —u,x,y} = R?} for u € Un.
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Planar Case, n =2

Define the following sets:
Upn ={ueU:3v,we Us.t.pos{u,v,w} = Rz},
Ug:=U\ Ux
Unu = {x,y : pos{u, —u,x,y} = R?} for u € Un.

V3

uy uy
u u.
O L L
V4 Vo

us u3

Baumbach,Henk 2024+: We get the V—representation

conv(C,(U)) = conv U {ej} U U {%(ei + &)}

itupeUp i:u,-G,ujGUmu’.
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Outlook

e conv(C,(U)) is a polytope.
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e conv(C,(U)) is a polytope.

e V—representation of conv(C,(U)), for U C R" positive basis

conv(C,(V))
" rk(A
conv ({; (nk)ejk DU, € (A + k1), A1, .. A
[U]
is a simplicial partition of U}U { U e;}
i=l:u;eUp
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e conv(C,(U)) is a polytope.

e V—representation of conv(C,(U)), for U C R" positive basis

conv(C,(V))
" rk(A
conv ({; (nk)ejk DU, € (A + k1), A1, .. A
[U]
is a simplicial partition of U}U { U e;}
i=l:u;eUp

o C, sym(U) is convex using the volume formulas for simple polytopes.
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Thank you for your attention!
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