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Quadratic forms

Lagrange (Extremal values of quadratic forms)
For positive definite quadratic form @ on R”, find

min{Q(z) : z € Z"\{o}}
3o € GL(n,R) s.t. Q(x) = ||®x]||? = for A = OZ" (lattice)
min {\/Q(z) L ze Z"\{o}} = min {|x] : x € A\{o}} = A(A)
det A = |det ®| = \/det Q
{e} basis of Z" —> {w; = ®e;} basis of A («<=A =37, Zw;)

Problem
Find max{A(A) : det A = constant} <=

/\ n
max{)\( ) :ANCR” Iattice}

det A






Lattice packings of spheres, Dirichlet-Voronoi cell, density

A C R" lattice, B" = {x € R": ||x]| < 1}
For r > 0,

A+ rB" packing <= int(x+rB")Nint(y +rB") = for x #y € A

A
<:>||X-}/||22rforx7éy€/\<:>r§>\(2)



Lattice packings of spheres, Dirichlet-Voronoi cell, density

A C R" lattice, B" = {x € R": ||x]| < 1}
For r > 0,

A+ rB" packing <= int(x+rB")Nint(y +rB") = for x #y € A

A
<:>||X—}/H22rforx7éy€/\<:>r§)\(2)

Dirichlet-Voronoi cell: DV(A) = {x € R" : ||x]| < ||x — z|| Vz € A}
A + rB" packing <= rB" C DV(A)

Density of the packing

5(A+an) B |an‘ B |an| . (/\—f—an)ﬁRBn
~dethA ~ DV(A)]  ro% |RB"|

Given A, max density when r =

A(N) ;fk(/\)" |B"]
2 — detA © 27



el Lot ~ Voronot cell, | Vo] =dat A
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Some lattices

{(zl, n) €Z": 3" 1z;=0 mod 2}
— XDp) = ﬂ and det D, =2
{(21, ,25) €ZBU(Z+3)8: 31 1z =0 mod 2}
— MNEg)=+Vv2anddetEg =1
Polar of a lattice A: A* ={y € R": (y,z) € Z for z € N},

—det \* =1/detA
Es unique unimodular even lattice in R®

» A C R” unimodular if A =A* (= detA=1)
> A C R" even if ||z]|?> € 2Z for z € A

Leech lattice:
Aza C R?* is the unique even unimodular lattice in R?* with

/\(/\24) =2



Densest lattice packings

Newton (kissing) number: N(B")

01(B") = max{5(A+ rB") : N C R" lattice and A + rB" packing}

n n
ax{)\(/\) [B”] cANCR” Iattice}

detA 21

» n=2: A, (Lagrange, 1773), N(B?) = 6, "tight"
» n=3: A3 = D3 (Gauss, 1831), N(B3) = 12, "not tight”
» n=4,5: Dy, Ds (Korkin, Zolotarev, 1872, 1877),
N(B*) = 24, "not tight”
> n=6,7,8: Es, E7, Es (Blichfeldt, 1929), N(B?) = 240, "tight”
» n=24: Ay (Cohn, Kumar, 2004), N(B?*) = 196560, "tight"



General packings vs. Periodic packings

[+ rB"is a packing for T CR" if || x —y|| > 2rfory #z €T

Upper density: 6, (I + rB") = limsupg_, %

Packing density: 0(B") = sup{d4+ (I + rB") : [ + rB" packing}



General packings vs. Periodic packings

[+ rB"is a packing for T CR" if || x —y|| > 2rfory #z €T

Upper density: 6, (I + rB") = limsupg_, %

Packing density: 0(B") = sup{d4+ (I + rB") : [ + rB" packing}

I+ rB" is a periodic packing

» <= JAN C R”" lattice s.t. [+ A =T (invariant)

> = T =A+{x1,...,Xm} Where x; — x; & A for i # j
Density of this periodic packing:

m-|rB"  |(T+rB")N RB"|
s(r+rmny=""1"""1_,
(M+rB) = —Geth ~ Am, IRB"|

Groemer:
5(B™) = sup{d(I + rB™) : T + rB" periodic packing}



Periodic packings




Known packing densities

» n=2: §(B?) = §(Ax + B?) (Thue, 1890, Laszl6 Fejes Téth,
1042)

» n=3 (Kepler conjecture): §(B%) = §(Ds3 + % B3) (Hales,
2010)



Known packing densities

» n=2: §(B?) = §(A2 + B2) (Thue, 1890, Laszlé Fejes Téth,

1042)
» n=3 (Kepler conjecture): §(B%) = §(Ds3 + % B3) (Hales,
2010)

> n=8: §(B®) = 6(Es + Y2 BB) (Viazovska, 2017)

> n=24: §(B**) = §(Axa + B?**) (Cohn, Kumar, Miller,
Radchenko, Viazovska, 2017)



From Fourier transform to Modular forms
F(y) = Jon F(x)€2m 1) dx

Lemma (Cohn, Elkies) r > 0, f # 0 Schwartz function on R"
(i) f(x) <0if ||x]| > 2r;
(i) f(y)>0if y € R".

Then §(B") < ?;|W|




From Fourier transform to Modular forms
f(y) fR e2mi(xy) dx

Lemma (Cohn, Elkies) r > 0, f # 0 Schwartz function on R"
(i) f(x) <0if ||x]| > 2r;
(i) f(y) >0ify € R,

n f(o) n
Then 6(B = - rB".
(B") < 7o) |rB"|

Viazovska: 3 gg : R — R such that for fg(x) = gg(||x||?) and
r= i , fg satisfies (i) and (ii) and

7[8(0)_r8: r B8
7o) rB%| = 6 (Eg + r B®)

Viazovska et al: I go4 : R — R such that for f4(x) = gaa(||x]|?),

fa4(0)

<t “824’:(5(/\244—824)
f24(0)



Proof of the Lemma about Fourier transform
Equivalent
I+ rB" periodic packing, I = A+ {x1,...,Xm} where x; — x; € A

fori#jand ||[x—y||>2rfory #z€el — "L'Lﬁ” < ;Ez; B




Proof of the Lemma about Fourier transform
Equivalent
I+ rB" periodic packing, I = A+ {x1,...,Xm} where x; — x; € A
B f
fori#jand |[x —y||>2rfory #zel = md;‘!t/\' < fEZ; - |rB"|
Poisson for v € R":

1 =2 i{v,y) f
Zf(x—l—v): Jeth Z e 2Ty f(y),
yEN*

x€eN

m-flo)>= > flx+x—x)

XE/\ 1<j,k<m

R D) X e

yen* 1<j,k<m

=27 i{xj,y) > m f
c|et/\Z )| D e = o - Flo)

YEN* 1<<m



Maryna Viazovska's function gg

A




Stability versions by B., Radchenko, Ramos (Crelle)
Theorem A C R lattice, A(A) > V2 and det A < 1+ ¢ = 3 basis
wi,...,wg of A and basis uy, ..., ug of Eg such that

> v wi] < 21
> VHW,' — u;|| < Cge.



Stability versions by B., Radchenko, Ramos (Crelle)
Theorem A C R lattice, A(A) > V2 and det A < 1+ ¢ = 3 basis
wi,...,wg of A and basis uy, ..., ug of Eg such that

> v wi] < 21
> V”W; — u;|| < Cge.

Theorem R. = /%82 R.B® ¢ W C RBS and I + 2 BY

periodic packing with o(I" + % B8) > (1—¢)6(Es + ? B8) —
With probability at least 1 — \/C%E, an x € R® satisfies
> B0+ W) 2 (1= ) - #(Be (x + W),

> dy(PZ,TN(x+ W)) < \/c—,% for a Z C Eg and isometry ®.

For compact X, Y C RS,

dy(X,Y)=min{0>0: X CY+pB%and Y C X + 0B?}



