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Is there a simplicial complex called linking gadget G(k,/) that
contains two disjoint spheres S and S’ such that
1. For an embedding f: G(k,£) — ST the linking degree
between f(S¥) and £(S*) is always 417

2. Find minimal dimension of G(k,¢), with said properties.

Linear embedding PL embedding Topological embedding
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Embeddings - trivial fact
One can find G(k,?), k > ¢ with dim G(k, () = (k + ¢).

Segal, Spiez, F, Karasev, Skopenkov

There exists a simplicial complex GX(k, ¢) with

dim GX(k,¢) = k > ¢, where for any almost-embedding, the
spheres are linked with any odd linking number

Open question(s) (Karasev, Skopenkov)

Any simplicial complex GX(k,¢), dim GX(k, () = k > ¢, that
admits an (almost)-embedding f: GX(k, £) — RKT+1 with
linking degree 1, admits an (almost)-embedding

g: GX(k,t) — R¥+1 with linking degree 2m +1,m € Z.



Why?

i.e. the motivation
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Linear embedding PL embedding Topological embedding

EMBED,_,4

Input: d > 2, K finite simplicial complex, dim K = k.
Output: K —pp, RY: YES / NO .
EXTEMBED,_4

Input: d > 2, K finite simplicial complex, dm K =k, L C K,
L “—PL Rd.
Output: f: K —pp, RY, f|[L=f": YES / NO .
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Hopcroft, Tarjan (1974):Graph planarity = EMBED; 5, decidable
in linear time. Angelini, Di Battista, Frati, Jelinek, Kratochvil, Pa-
trignani, Rutter 2010: EXTEMBED;_,, Decidable in linear time.
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EXTEMBED,_,4 - NP-hardness
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> Matousek, Tancer, Wagner (2011) EMBEDy_,4, d > 4, is
NP-hard outside the metastable range.

» de Mesmay, Rieck, Sedgwick, Tancer (2018) EMBED>_,3,
EMBED3_,3 are NP-hard.

» Matousek, Sedgwick, Tancer, Wagner (2018) EMBED,_,3,
EMBED3_,3 are decidable.
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» F,Wagner, Zhechev (2020): EXTEMBEDy_,4 is
undecidable for 8 < d < [2.H |

» Avvakumov, F, Wagner, Zhechev (20247):
EXTEMBED)_4 is undecidable for 7 < d < [ 3K,
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The extension problem is undecidable

Cadek, Kr&al, Matougek, Vok¥inek, Wagner (2013)
For m > 2, even the following is algorithmically undecidable.
We use Q-SYM:

> afxx=b9, g=12...5 a" b ez

—, ’J ’
1<i<j<r

gty v szt L, gm

SPV..v ST
[f‘s2m 1] = b [ldsrn ldSm] & TOom— 1(5 )
lglszni] = 5 P[] € mom a(SPV ...V SP).

1<i<j<r
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Extension problem rewritten

Original Restated problem:
gm idgm gm
Sgmtv.vsimt Ly gm L
gl /,/”’/ /,/’//
SV v SP DCyl(f,;)

FACT: We can represent S™ as S™ ~ SMHk+1\ Gk

FACT: if k is large enough, the space DCyl(f, g) is embeddable in
Sm+k+1 by general position.
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Extension problem rewritten again

esmllegy 5m+k+1

T

Sm Sk

DCyl(f, g) L Sk

F, Wagner, Zhechev : if k > 2m + 1, there exists an embedding
H U esk : DCyI(f, g) U Sk — SMk+1 guch that H ~ F.

Avvakumov, F, Wagner, Zhechev : EXTEMBED_.4 is
undecidable for 7 < d < 2. | (Choose K = DCyl(f, g) U S,
L:5m|_|5k, fZGSmuesk)
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Undecidability of EMBEDy_.4 - a theory

EXTEMBED ) 413m-12°
Sm Sk esmUegy 5m+k+1
T
Hl_lesk 7 .

DCyl(f,g) U Sk

EMBED2m11-53m42:

Given a gadget that fixes the linking degree +1, we get
DCyl(f, g) USmusk G(k, m) e > Sm+k+1



