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Diversity

X , δ : PF (X )→ [0,+∞) diversity if

δ(A) = 0 iff |A| ≤ 1

δ(A ∪ C ) ≤ δ(A ∪ B) + δ(B ∪ C ) ∀ |B| ≥ 1.



Metric spaces

(X , δ) diversity ⇒ d(x , y) := δ({x , y}) distance

(X , d) metric ⇒ δ(A) :=
∑

x ,y∈A d(x , y) diversity
δ(A) := maxx ,y∈A d(x , y) diversity
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Circumradius

K ,C ∈ Kn then

R(K ,C ) = inf{ρ ≥ 0 : x + K ⊂ ρC , x ∈ Rn}

Diversities and circumradius

X ⊂ PF (Rn), C ∈ Kn ⇒ δ(X ) := R(X ,C ) diversity

Minkowski diversity
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Minkowski diversities

δ Mink. diversity:

δ sublinear: δ(X + Y ) ≤ δ(X ) + δ(Y )
δ(λX ) = λδ(X ) ∀λ > 0

∀ A, B, ∃ a, b s.t.

δ((a + A) ∪ (b + B)) ≤ max{δ(A), δ(B)}
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Minkowski diversities

δ Mink. diversity:
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Theorem (D.Bryant, K.T.Huber, V.Moulton, P.F.Tupper ’21)

(Rn, δ) diversity. Equivalent:

1 δ is Minkowski diversity
2 δ sublinear: δ(X + Y ) ≤ δ(X ) + δ(Y )

δ(λX ) = λδ(X ) ∀λ > 0
∀ A, B, ∃ a, b s.t.

δ((a + A) ∪ (b + B)) ≤ max{δ(A), δ(B)}



Banach diversities (G.M. ’22)

X ∈ PF (Rn), C ∈ Kn
0

δ(X ) := R(X ,C )

is a Banach diversity



Theorem (G.M. ’22)

(Rn, δ) diversity. Equivalent:

1 δ is Banach diversity
2 δ seminorm: δ(X + Y ) ≤ δ(X ) + δ(Y )

δ(λX ) = |λ|δ(X ) ∀λ ∈ R
∀ A, B, ∃ a, b s.t.

δ((a + A) ∪ (b + B)) ≤ max{δ(A), δ(B)}



Minkowski (Banach) embeddable

(X , δ) diversity, |X | = m ∈ N if

∃C ∈ Kn (∈ Kn
0) and pi ∈ Rn, i = 1, . . . ,m

s.t.

δi1,...,ik := δ(xi1 , . . . , xik ) = R({pi1 , . . . , pik},C )

δ is Minkowski (Banach) embeddable



Example

δ12 = δ13 = δ23 =
√
3
2 , δ123 = 1

C = B2 and p1, p2, p3 equilateral triangle



Propierties

(X , δ) diversity, |X | = 3

0 = δl < δij ≤ δ123 ≤ δij + δjk

Theorem (R.Brandenberg, S.König ’13)

R({p1, p2, p3},C ) ≤ R({p1, p2},C ) + R({p2, p3},C )
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Theorem (D.Bryant, K.T.Huber, V.Moulton, P.F.Tupper ’21)

(X , δ) diversity, |X | = 3 ⇒ δ Minkowski embeddable



Theorem (G.M. ’22)

(X , δ) diversity, |X | = 3 with 0 < δ13 ≤ δ12. Equivalent:

1 δ is Banach diversity

2

δ12 − δ13 ≤ δ23 ≤ δ12 + δ13

δij ≤ δ123 ≤
8δ12δ13δ23√

3(2(δ12δ13 + δ12δ23 + δ13δ23)− δ212 − δ213 − δ223)



Lemma

Let C ∈ Kn
0 , p1, p2 ∈ Rn. Then

1

2R([p1, p2],C )
[p1 − p2, p2 − p1] ⊂ C
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Proof of Banach embeddability for |X | = 3

p1, p2, p3 equilateral triangle

p1 =
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3
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, p2 =
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3

2
,−1
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)
, and p3 = (0, 1)

Ri1,...,ik := R({pi1 , . . . , pik},C )

Reordering to 0 < R13 ≤ R12
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Using the Lemma:

±
√

3

2R12
(1, 0),±

√
3

4R13
(1,
√

3),±
√

3

4R23
(1,−

√
3) ∈ ∂C







µ =

√
3

4(R12 + R13)

and thus

√
3

4(R12 + R13)
≤
√

3

4R23
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Letting

a =

√
3

2R12
, b =

√
3

2R13
, c =

√
3

2R23
,

then

(x0, y0) = (1− t1)b

(
1

2
,

√
3

2

)
+ t1c

(
−1

2
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−
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3
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)
,

(x0, y0) + λ
(

1,−
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3
)

= (1− t2)a(1, 0) + t2c

(
1

2
,
−
√
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,

(x0, y0) + λ
(
−1,−

√
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= (1− t3)a(−1, 0) + t3b
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2
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√
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2

)
,



λ=
2abc(a + b)− a2b2 − c2(a− b)2

4abc
,

x0 =
(a− b)c2 − b2(c − a)

4bc
,

y0 =
(2
√

3ab +
√

3b2)c −
√

3ab2 − (
√

3a−
√

3b)c2

4bc
,

t1 =
ab − (a− b)c

2bc
,

t2 =
ab + (a− b)c

2ac
,

t3 =
ab + (a− b)c

2ab
.



As a consequence

R123 ≤
1

λ
=

4abc

2abc(a + b)− a2b2 − c2(a− b)2







λ =
2abc(a + b)− a2b2 − c2(a− b)2

4abc
≥ 0,

x0 =
(a− b)c2 − b2(c − a)

4bc
,

y0 =
(2
√

3ab +
√

3b2)c −
√

3ab2 − (
√

3a−
√

3b)c2

4bc
,

t1 =
ab − (a− b)c

2bc
∈ [0, 1],

t2 =
ab + (a− b)c

2ac
∈ [0, 1],

t3 =
ab + (a− b)c

2ab
∈ [0, 1].



Lemma

f (x , y , z) := 2xy + 2xz + 2yz − x2 − y2 − z2 ≥ 0

under conditions

0 ≤ y ≤ x , x − y ≤ z ≤ x + y

(x = R12, y = R13, z = R23)

Proof

Schmüdgen’s Positivstellensatz

2xy + 2xz + 2yz − x2 − y2 − z2

= (z − x + y)(x + y − z) + 4y(x − y) + 2y(z − x + y)
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Concluding remarks

δ s.t. δ12 = δ13 = 2, δ23 = 1,

δ123 ≤ min{3, 3, 4} 6≡ δ123 ≤
4√
3

Characterizing Minkowski embeddability |X | ≥ 4?
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Banach embeddability

Rijk ≤ R1234 ≤ 2
[
R2
13R14R

2
24 + R2

12R14R
2
34 + (R12R13R14−

(R12 + R13)R2
14)R2

23 − (R12R
2
13 + R13R

2
14 − (R12R13+

R2
13)R14)R23R24 − (2R12R13R14R24 − (R2

12R13

+R12R
2
14 − (R2

12 + R12R13)R14)R23)R34

]
/[

2R13R14R
2
24 + (R12R13 − (R12 + R13)R14 − R2

14)R2
23

+ (R2
12R13 − R12R

2
13 − (R12 + R13)R2

14

− (R2
12 − 2R12R13 − R2

13)R14)R23 − (R2
12R13

+ R12R
2
13 − (R12 − R13)R2

14 − (R2
12 + R2

13)R14+

(R12R13 − (R12 + R13)R14 + R2
14)R23)R24 + (R2

12R13

+ R12R
2
13 + (R12 − R13)R2

14 − 2R12R14R24 + (R2
12−

2R12R13 − R2
13)R14 − (R12R13 − (R12 + R13)R14

−R2
14)R23)R34

]
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Thank you for your attention!!


