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X, 0 : Pe(X) — [0,400) diversity if

o 5(A)=0iff |A| <1

o S(AUC) < 5(AUB)+38(BUC) Y |B| > 1.




Metric spaces

e (X,9) diversity = d(x,y) := 6({x,y}) distance
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Metric spaces

e (X,9) diversity = d(x,y) := 6({x,y}) distance

o (X, d) metric = §(A) := 3, ,cad(x,y) diversity
d(A) := max, ycad(x, y) diversity




K, C € K" then

R(K,C)=inf{p>0:x+ K C pC, x e R"}




Circumradius

K, C € K" then

R(K,C)=inf{p>0:x+ K C pC, x e R"}

| \

Diversities and circumradius
X CPe(R"), Ce K" = §(X):= R(X, C) diversity

Minkowski diversity




Minkowski diversities

0 Mink. diversity:
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Minkowski diversities
0 Mink. diversity:
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Minkowski diversities
0 Mink. diversity:
@ ¢ sublinear: 6(X + Y) < 4(X) +4(Y)
0(AX) = A0(X) YA>0
e VA B,da,bs.t.

5((a+ A)U (b + B)) < max{d(A),5(B)}

=

KQ




Theorem (D.Bryant, K.T.Huber, V.Moulton, P.F.Tupper '21)

(R",§) diversity. Equivalent:
@ 0 is Minkowski diversity

@ o J sublinear: (X + Y) < §(X)+d(Y)
I(AX) =A6(X) VA>0
o VA B,da,bs.t.

6((a+ A)U (b+ B)) < max{4(A),4(B)}




Banach diversities (G.M. '22)

X € PE(R"), C € K§
5(X) = R(X, C)

is a Banach diversity




Theorem (G.M. '22)
(R",§) diversity. Equivalent:
@ 0 is Banach diversity

@ o Jseminorm: (X + Y) < H(X)+4(Y)
5(AX) = [M3(X) VAeR
o VA B,da,bs.t.

6((a+ A)U (b+ B)) < max{4(A),4(B)}




Minkowski (Banach) embeddable
(X, 0) diversity, | X| = m € N if

1Ce K" (eK§) and pieR", i=1,....m
s.t.

5i1,...,ik = 6(Xi17 OO 7Xik) = R({pi17 o eley pik}7 C)

d is Minkowski (Banach) embeddable




Example

012 = 013 = 023 = ? 0123 =1

Ps‘ '102

C = B, and p1, p2, p3 equilateral triangle




Propierties

(X, 0) diversity, | X| =3

0:51<5ij§5123§6ij+5jk




(X, 0) diversity, | X| =3

0:51<5ij§5123§6ij+5jk

Theorem (R.Brandenberg, S.Konig '13)

R({p1,p2,p3}, C) < R({p1, p2}, C) + R({p2, p3}, C)




Theorem (D.Bryant, K.T.Huber, V.Moulton, P.F. Tupper '21)

(X,0) diversity, | X| =3 = § Minkowski embeddable




Theorem (G.M. '22)
(X, 0) diversity, |X| = 3 with 0 < 613 < d12. Equivalent:
@ 0 is Banach diversity

Q
012 — 013 < 023 < 012 + 013

8012013023
V3(2(612013 + 612023 4 013023) — 02, — 635 — 033)

y

0jj < 0123 <




Let C € K, p1,p2 € R". Then

1
2R([p1,p2], C) [pl — P2, P2 — pl] cC

P2 p1



Let C € K, p1,p2 € R". Then

1
2R([p1,p2], C) [pl — P2, P2 — pl] cC

P2 p1



Proof of Banach embeddability for [X| =3

p1, P2, p3 equilateral triangle

V3 1 V3 1
p1 = (—2, —5 , P2 = 77_5 , and p3= (07 1)



Proof of Banach embeddability for [X| =3

p1, P2, p3 equilateral triangle

pL = (_\/ﬁ —1>, p2 = (ﬁ —1>, and p3=(0,1)

27 2 27 2

Rih---Jk = R({pil’ 0oog pik}’ C)



Proof of Banach embeddability for [X| =3

p1, P2, p3 equilateral triangle

pL = (_\/ﬁ —1>, p2 = (ﬁ —1>, and p3=(0,1)

27 2 27 2

Rih---Jk = R({pil’ 0oog pik}’ C)

Reordering to 0 < Ry13 < Ry»



Using the Lemma:

f(lo)if(lf) f( —V3)eacC
® F\/i(l'f
° [ ) %(Lm



V3

m(la V3)




V3
4R3

(1,V3)



_ V3
H= 4(R12 + Ri3)

and thus

V3 < V3
4(Riz + Ri3) ~ 4Rx3
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V3

A= —n—————
4(Ri2 — Ri3)

and thus

Vi 3
4R>3 — 4(R12 — Ri13)




(on 1/0)
e V3
4R13 (1’ \/?:)
o V3
s (1,0)

] (
X 17 3)

(w0, yo) + A(—1 V3
T 3)



Letting

_ V3, _ V3 _ V3
then
(%0, ¥0) = (1 —t1)b (; \2[> + tic (21 _;B> ’
(%0, y0) + A <1, —\/§> = (1 - t)a(1,0) + toc <; _;@> 7
(%0, ¥0) + A (—1, —\/§> (1 — t3)a(—1,0) + t3b <_i Jf) ,



_ 2abc(a+ b) — a®b? — c?(a— b)?

A 4abc ’
(a — b)c? — b?(c — a)
X0 = 4bc ’
(2v/3ab + V/3b?)c — /3ab? — (v/3a — \/3b)c?
A= 4bc ’
ab—(a— b)c
= 2bc ’
ab+ (a— b)c
fo = 2ac ’
ab+ (a— b)c
BT



As a consequence

1 4abc
Ri23 <

X 2abc(a+ b) — a’b? — c?(a — b)?









_ 2abc(a+ b) — a®b? — c*(a— b)?

A >0,
4abc
. — (a — b)c? — b?(c — a)
0~ 4bc ’
_ (2V3ab+ V3b%)c — V3ab? — (V/3a — V/3b)c?
A= 4bc ’
ab—(a— b)c
= ——— ,1
1 2%b¢ € [0 ]7
ab+ (a— b)c
th=——7—7""""—¢€10,1
2 2ac €[0.1],
ab+ (a— b)c
t3=———¢€1[0,1].
3 2ab €.



Lemma

f(XayaZ) = 2Xy+2XZ—|—2yz_X2 _y2 _ ;2 >0
under conditions

0<y<x, x—y<z<x+y

(x=FRi2, y=Ri3, z=Rx)




Lemma

f(Xv}/aZ) ::2Xy+2XZ—|—2y2_X2_y2_2220
under conditions
0<y<x, x—y<z<x+y

(X = R127 Yy = I?]_37 zZ = R23)

| \

Proof
Schmiidgen’s Positivstellensatz

2xy +2xz +2yz — x* — y? — 7°

:(Z—X+)/)(X+y—Z)—|—4y(x_y)+2y(z_x+y)

A




Concluding remarks

@ 0 s.t. 010 =013 =2, o3 =1,

4
0123 < min{3,3,4 0103 < —
123 < { } # d13 /3




Concluding remarks

@ 0 s.t. 010 =013 =2, o3 =1,

4
0123 < min{3,3,4 0103 < —
123 < { } # d13 /3

o Characterizing Minkowski embeddability | X| > 47




Banach embeddability

Rijk < Rioza < 2 [RE5R14R%, + R R1aR3 + (Ri2RizRia—
(Ri2 + Ris)Ri4)R3s — (Ri2REs + RisRY; — (RiaRis+
Ri3)Ria)Ro3Ro4 — (2R12R13R14Ro4 — (R, R13
+R12RE, — (R%, + Ri2R13)Ria) Raz) Raa] /
[2R13R14R3, + (Ri2R13 — (Ri2 + Ri3)Ris — Ri)R3s
+ (RERi3 — Ri2RE — (Ri2 + Ris)Ry,
— (R?, — 2R12R13 — Ri3)Ri4)Ros — (RERi3
+ RiaRY; — (Ri2 — Ri3)REy — (R + Ri3)Ruat
(Ri2Ri3 — (Ri2 + Ri3)Ria + R4)Ros) Ros + (R Ri3
+ RiaRZ; + (Ri2 — Ri3)RZ, — 2R12R14Ros + (RS, —
2R12R13 — R3)Ris — (Ri2R13 — (Ri2 + Ri3)Rig
—R73)Ra3) Raa)
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Thank you for your attention!!



